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APPELL POLYNOMIAL EXPANSIONS AND

BIORTHOGONAL EXPANSIONS IN BANACH SPACES

BY

J. D. BUCKHOLTZ

ABSTRACT.    Let  ip/jin   denote the sequence of Appell polynomials

generated   by an analytic function   4>  with the property that   the   power

series for   9 = \/<t> has a larger radius of convergence than the power series

for  d>.   The expansion and uniqueness properties of \pk\  are determined com-

pletely.   In particular, it is shown that the only convergent ip^i  expansions

are basic   series, and that there are no nontrivial representations of   0.    An

underlying Banach space structure of these expansions is also studied.

1.   Introduction.   Let a = \a.\     and  b = \b X? be sequences of complex num-

bers which satisfy the formal power series identity

{%A*ib*)=i-
The polynomials

k
z

i>fe(*) =£**_,• 77.     ¿ = o,i,2,;'!

are the Appell polynomials corresponding to the sequence  b.    They are biorthog-

onal  to the sequence of linear functionals

Li(/)=Z V*/(')(0)'       ¿ = 0-fo2'

i.e.,  Lkip)=  0  if k 4 j and   L^foJ = I.
Every analytic function  / for which the functionals   LAf) ate defined has

the formal Appell expansion  /fo) ~ -^Tn ^Af) P¿fo^-   Such expansions have been

studied as part of a larger theory [ll; there is also an extensive literature dealing

with specific polynomial sequences, e.g., the Bernoulli polynomials.   In the case

where each of (¿>fo) = Xo0 .b .zl  and öfo) = I°°.íi.z'  has a positive radius of con-r 1 =0    j j=0    i r

vergence, Boas and Buck [l] have shown that the theory of entire functions of

exponential type can be used to obtain deep results about such expansions.
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In the present paper, I employ infinite matrices of the form

b0,     bv     b2,

'0-     bV0,     b(

0,       0,     bQ,

to study these polynomial expansions.   For a large class of such expansions, I am

able to obtain complete results, and to present a portion of the theory in (presum-

ably) its final form.

Let cp have radius of convergence  r (0 < r < °°)  and no singularities other

than poles on the circle   |z| = r,   and suppose that 6 is analytic in the closed disk

|z| < r.   Throughout the remainder of the paper, we suppose that the polynomial

sequence  \pf0   satisfies these conditions (no further hypotheses will be required).

We write  (ßiz) = qj  íz)/PÍz), where r/J.   is analytic and zero free in the closed

disk   \z\ < r,   and   P  is a polynomial with all of its zeros on the circle  |z| = r.   Set

Piz) fi (1 -aqz)m{q\

9 = 1

where miq) denotes the multiplicity of the zero of   P,    and let   m =

max^  <jniq).   Essentially all of the expansion properties of the sequence \pff can be

obtained from the polynomial   P;  we set

p(u)= na-v}
9=1

z(<?)i and     Q(Z) = IP
' P»

t = 0, 1,

(In case  m = 1,   we adopt the convention that  0    _2= P.)   By a uniqueness set

we mean a subset  E  of the plane such that, if a solution / of the differential

equation  Q    _2iD)j' = 0 vanishes at every point of  E,   then f = 0.   Every infinite

bounded set is a uniqueness set, as are "most" finite sets.

Convergence Theorem.   // h  is a complex sequence, then the following are

equivalent:

(i)   each of the series

oo

z(k +
'—'   \    m

í _n   \fe=0

k + miq) - 1

miq) - 1 W 1 < a < A,

coTZTzerges;

(ii)   for some fixed complex number z ,   each of the series

k = 0

0   <  TZ   <  7TZÂ,

converges;
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(iii)   the series

(1.1)
7e = 0

converges for all z   in some uniqueness set;

(iv) the series (1.1) converges for all z,   the convergence being uniform on

every compact set.

The proof of the Convergence Theorem does not require our hypothesis on the

function  6.   This extends a result of Read [4] which states that uniform conver-

gence of (1.1) on an open set implies uniform convergence on every compact set.

In order to characterize those functions S  which are the sum of a series of

the form (1.1), more terminology is required.   Write   P       ,   as   P       ,{z) =' _ bJ n 772—1 777—1

k-o ^kz '   anc' ^et        denote the space of entire functions  /  such that

r     /(")(0)     0lim  - = 0     and      hm  —
77 -*oc n 77-.00 n

777— 1 T

£c/w+*>(o) = o.
k = 0

For / £ A,   set

sup

0< n< oo

i/("\o)i (-rV)
£ C/"+*>(0)
fe=0

where   ("+m       ) denotes the binomial coefficient  in + m - l)\/n\{m - l)\.   The
772—1

space  J   contains all entire functions of exponential type less than  r,   some func-

tions of exponential type  r,   and no function of exponential type greater than  r.

Since   |/("K0)| < 11/11 rn,   n = 0, 1, 2, • • • ,  we have

l/fo)|< Z i/(,,)(o)i

for every / £ A  and every complex number z.    Therefore convergence with respect

to the norm   || '  ||   implies uniform convergence on compact sets.

Uniqueness Theorem.   // b  is such that Sfo) = ^-Tn h¡,PjAz^ converges for

all z,   then  S £ A and h,  = L.iS), k = 0,  1, 2, • ■ ■  •

As a consequence of our results on convergence and uniqueness, the only

series of the form (1.1) which need be considered as far as convergence is con-

cerned are series of the form   —r_0 L. (/)/>, (z)   for  functions   /   in  the   space   J.

For such series, we settle the convergence question affirmatively.
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Expansion Theorem.   If f ef,   then fiz) = S^=Q Lff) pfz) for all z,   the

convergence being uniform on every compact set.    Furthermore,

lim
72—»CO

for every f e J.

f-ZH^Pi
7e = 0

The topology generated by the norm   || ' ||   is a great deal stronger than uni-

form convergence on compact sets.   In some cases,  A  contains functions whose

power series are not convergent with respect to this norm.   There is no possibility,

therefore, of deducing the Expansion Theorem by the usual technique of power

series rearrangement.

The last question we study is that of the structure of the space J.   Two

normed linear spaces F  and G ate said to be isomorphic if there is a 1-1 linear

map n of F onto  G  such that both  77 and  t7~     are bounded.   In the special case

that (p has only simple poles on   \z\ = r, we have  z?z = l,   P   _,(z) = l, and J  is the

space of all / such that  lim _^f("'(0)/t" = 0.   In this case the norm is given by

\l{n)m\
11/11=2    sup

0<72<°C

An obvious isomorphism exists between this space and the Banach space c-  of

all complex sequences with limit 0,  normed with the supremum norm.   The general

case is far less obvious, but the result is the same.

Structure Theorem.   The space A  is isomorphic to  c-.

It follows from the Structure Theorem that J'  is a Banach space, and from the

Expansion and Uniqueness Theorems that the polynomials ipt!^ form a basis for

this space.   These theorems also imply that convergence in norm of  ^"z,=n ̂ fe ¿'fe

is equivalent to conditions (i)—(iv) of the Convergence Theorem.   The fact that

\p, \f is a basis for the Banach space J   is the most fundamental expansion

property of the polynomials  ip^ig •

It is worth noting that there are no nontrivial representations of 0 of the form

(1.2) Z hkPk{z)-
fe=0

If
r--Q

(1.3) Z bypfz) = 0
k = 0

for all  z in a bounded infinite set, then the Convergence Theorem implies that
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(1.2) converges for all z  to an entire function  S that vanishes on a bounded infi-

nite set.   Therefore  S = 0.   From the Uniqueness Theorem, we can conclude that

hk = 0,  k = 0,  1, 2, •• • .     This result had been obtained previously by Read [4]

under the additional assumptions that (1.3) holds uniformly on an open set and

that  6 is an entire function of finite exponential type.

The results obtained here for Appell polynomials can be extended to more gen-

eral polynomials.   The extension to Brenke polynomials [l, p. 5l] is almost trivial,

and most of the results can, with slight modification, be extended to the generalized

Appell expansions considered by W. T. Martin [3j.   The Convergence Theorem is

essentially due to Martin, who obtained a slightly weaker but considerably more

general version [3l-

2.   Proof ol the Convergence Theorem.   We first obtain an asymptotic esti-

mate for p.iz).

2.1.   // cSfo)= 1/(1 - az)s + \   then

k-t
, k"{-l)!/k + s-t\ k>{z/a)>

pk{z) = a zZ—r[ s  . )(z/a) £ ——
f = 0      '• \     * - *     / ,-_o       /•

Also, the. estimate

pAz)
oik-2)

{k+s)akez/a afo + s)

holds uniformly on compact sets.

Proof.   Since   1/(1 - az)s + ' = 2~=Q {k+s) akzk,   we have

.  .       *    /k-j + s\ zi

>w-£( s  fofo-
We use the binomial coefficient identity   {k-f_+s) = 1*UQ (- l)'(0 fo^^  to obtain

Replacing /  by  j + t  in the second sum produces the desired result.   The asymp-

totic estimate follows easily from this.

For   1 < a < A,  let
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denote the sum of the negative powers in the Laurent expansion of </>  at  a     .

Note that c fq) 4 0,   1 < a < A,  and that the function  ci-, defined by

A     777(9) z   n

is analytic in the closed disk   |z| < r.    The contribution to  pfz) of cS-  is given

by

fe    (p2k-i\0)   zi

£0 irr7)T ¿":

we require an upper bound on the modulus of this quantity.

Lemma 2.2.   There exist constants   K > 0 and r, > r such that

k 4<*-i\o) zl

=o ik - j) !     »!

Ke

holds for all z  and every nonnegative integer k.

Proof.   Choose  r   > r such that ei>-   is analytic in the closed disk   |z| < r..

Therefore

'Àj)io)
lim   —

;-. oc        j

-^1=0;

set  K= max0Sj<oo|</»(2y) Í0)\r\/j\.    Then   \^~'\o) \/ ik - j)\ < K/r\-\   and the

result follows from the triangle inequality.

It is now an easy matter to verify the estimate contained in the following

lemma, whose proof we omit.

Lemma 2.3.   The asymptotic estimates

i/a.      ,  (                im - l)cAq)

qa*\cfq)+--
m(q) =

' k + Z72 - 2 '

TTZ  — 2

9 I    1

z/a       , c
ze      qak -

,(<?)/zé + ttz - 2\'I 7     )      ̂
V    TO~2     /m(?K„

fk + m ~2\ z/a. /, m
+ ( , I        e      »ajc^ + oii-

\    TO"2     '«(«,««-1 \  r

772-2 \

V «"I       ̂ 772(9) =
«'^c^ + O

¿o/a1 uniformly on every compact set.
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It is convenient to arrange the proof of the Convergence Theorem in the form

(i) — (iv) =, (Ü) =, (i)

u
(iii) =* (i).

The implications (iv) =» (ii) and (iv) => (iii) are obvious.   We now show that (i) =>

(iv).   For each  k,   let g,iz) denote the quantity which appears in Lemma 2.3 under

the name   Oikm~i/rk).   Since   S~    fo+m~ l)h,ak  converges for some value of q,
k-0      m — 1        k    q b T

we have  lim,   J.k+m~ X)h, ak = 0.   Therefore

hk = o{rk/km-A     and     ^W = oik'2),        k — «.,

uniformly on compact sets.   Consequently,   -,   AgiW is uniformly convergent

on compact sets, and it only remains to prove that the same is true of

(2.1) Zhk\pkiz)-gkizA.
7e = 0

Since

/&+>72-2\ m~l        /k+m-l\

\      TTZ-2       / k +   m -   I     \       77? -   1       /

it is not hard to show that the convergence of   ¿.A_A  +m_ .   )h ,a    implies the con

vergence of

"   /t + »-2\      .
(22) £(-2  M

fe=0

we shall give a proof for this later.   Taking this for granted temporarily, (i) ob-

viously implies the uniform convergence on compact sets of the series

h,ak       (772(0) = 77?\c}\q)e       •*   /. I ) "ha „        \m\q

k = 0

,   .   z/a    «—,   /k + m - l\

fe = o V   m- !   7

z/a /ze + 772 - 2\ , ,    ,   ,

,   n  \  m - 2   /
2

-0

c Aq)      z/a     °^     /ze + TT7 - 2N~     /*+ 77? - 2\

M .-2 )— ,    k    q
q ¡e=0

h.a imiq) = ttz\     and

z/a     *°     /k + m - 2\

A^     qzZ{ ,   >
.      -     \       777-2        /

li^a. (777(27) = TTZ -   l).
fe     (7

fe = 0
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Since (2.1) is a finite sum of such series, it, too, is uniformly convergent on com-

pact sets; this proves that (i) implies (iv).

Before proving that (iii) implies (i), we need a result on linearly independent

sets of functions.

Lemma 2.4.   Suppose  \f  \,   is a linearly independent set of functions with

common domain 0,.   If E  is a subset of Q such that the functions \f H  restricted

to  E  are linearly independent, then there are points   \z .\     in  E  such that the

determinant  det{/  (z.)j,   1 < a, j < t,   does not vanish.

The proof is easy and is omitted.

Lemma 2.5.   // SÍz) = 2,,_h,pfz) converges at every point of some unique-

ness set  E,   then hk = oirk/km~x), k —» °o.

Proof.   Let the zeros of  P  be ordered so that miq) = m if and only if  1 <

q < t  it < A).   The functions  c Aq)ez   ai,   1 < q < t,   ate linearly independent so-

lutions of the differential equation  0    _?ÍD)f = 0  (recall that  c Aq) 4 0).   There-

fore their restrictions to  E  ate linearly independent, and we can find points

\z.\\  in  E  suchthat 8( = det \c fq) eVa9¡ / 0.

Since each of  ^f_0h,pfz.),   1 < j < t,   converges, their terms tend to  0,

and we have

(2.3) lim   |^|¿|pfcU,)| = 0.
7=1

Set

(k + m - 1\  J_       ,   s   z/a

>*«- ( m_l )2>M-   *a9 + ^;

then

9 = 1

(2.4) ufz)= o<km-Vrk)

by Lemma 2.3.   Let

vkiz) = {pkiz)-uhiz)\-

rk

(k+m-l\
K    772-1     '

Since  8   4 0,   the system of equations

vfz) =   Z  cAq)eZj/aqiaqr)k, 1 < j < t,

9 = 1
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can be "solved" for the quantities   (a r)    in terms of 27,(2.),   I < f < t.   In partic-

ular,  there  exist constants  M.   (l < ¡' < t) such that

2

(2.5) iaxr)k= £ M.vkiz).

7=1

Set  M = max |M.|,  1 </ < i.    If in (2.5) we take absolute values and apply the tri-

angle inequality, we obtain   1 < M ^■'■_l fofe(z.)|.   From the definition of v,   and

(2.4), we see that

t ZZe+777- 1}

/.l 2Mrk

holds for all  k  sufficiently large.   Therefore

2,777-1   f   t \-\

(2.6) lim sup  ——  1 £ \pkiz)\ \       < «,.
¿~°° rfe      / ■_, I

17-1 7

The desired result now follows from (2.3) and (2.6).

The following lemma is equivalent to the fact that (iii) implies (i).

Lemma 2.6.   //

00

(2.7) Siz) =   £ hkpk{z)

k-o

converges for all z  in some uniqueness set  E,   then each of the series

~     /k+ 777(27)- 1\

(2-8) £   ( H W, 1<27<A,

C07227ergt?s.

Proof. In view of Lemma 2.5, (2.8) clearly converges if m{q) < m - 1. Also,

from Lemmas 2.3 and 2.5, (2.7) is convergent if and only if S^_0/bfe{pfe(z) — g^fo)!

is convergent, where g,   is defined as before.

Let \f iz)\s  denote the solutions of the differential equation  Q       2iD)f = 0

which are of the forms  ez     1  and zez     Q.   From the decomposition of pk  in

Lemma 2.3, we have

fe=0 Z=l

where
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,  ,        */k+m-l\ ,   \

'•U)-M -i h<Y^
l)c Aq)

"•- •■ I k+ m- 1

z /a

if f.iz) = e       q and miq) m,

fin) =
^9      ze = 0

,(a)    "    (k + ttz- 2\ , z/a
—    Z Ka„     if/,(*)«*«       ? and   tzz(a) = ttz,     and

,   ,    ¿L   fk + m ~ 2\ L z/a.
II in) = c,(?)   £ A  a*     if / U) = e       « and  zrXa) = ttz - 1.

fe = 0   \      TTZ-2      /

Choose points  Ul^  in  F  such that the determinant 8   = detl/ (z.)|  does

not vanish.   We can then solve the system of equations

<=i

and express each   U An)  as a linear combination of the quantities   T  iz .),   1 <
r z ^ n    j —

/ < s.   Since each of the latter possesses a limit as n —» °°,  the same is true of

the quantities   ¡J in),  1 < ' < s.    Therefore,

z4 + ttz - 1\         ,   (                (w - l)c2(a)t)
) + -r

~    (k + m - 1\
a«        i(,_,)v:w.

t,0     ^     '"_i      ' I ¿+   TTZ-   1

converges if miq) = m,   and  2       (   +m~   )b,a     converges if  zrz(a) = ttz-T.   We

shall show later that the convergence of (2.9) is equivalent to the convergence of

^.  /k + m - 1\
(2.10) z(       W ;.

k=0\    rn-l    /

and this will complete the proof of Lemma 2.6.

A complex sequence x is said to be of bounded variation (absolutely con-

vergent) if the quantity   Vix) = \x f + %T ,|xfe - X/¿_1\   is finite;   VÍx) is called

the total variation of x.   Sequences of bounded variation are necessarily conver-

gent; their properties.we shall use most often are contained in the following two

lemmas.

Lemma 2.7.   Suppose that  x  and y  are complex sequences such that  x  is of

bounded variation and 'S.f y,   converges.    Then  ~S.f xk/k  c°nverges,

oo oo oo oo

Z xkyk = IoIv Z {xk - xk-i] Z yr
Ze=0 7 = 0 fe = l ;'=ze

and
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Z xkyk
k-0

< Vix)     sup

Lemma 2.7 is a well known extension of Abel's identity; its proof is easy

and is omitted.

Lemma 2.8.   Suppose that x  is of bounded variation and limx, 4 0.   If y  is

a complex sequence, then   I,   „y,   converges if and only if  2.°A_f. x,y,   converges.

Proof.   Lemma 2.7 guarantees that convergence of the first series implies the

convergence of the second.   Choose  K so that x, 4 0 for k > K.    The sequence

íl/x.í'Tj.  is of bounded variation; therefore convergence of  ^tL« xfc^fe  implies

the convergence of  ¿A/_Ky,,  and the proof is complete.

The convergence of (2.2), which we assumed previously, follows from the fact

that ifo? - l)/(/e + ?7z - l)|?°_0 is of bounded variation. To deduce the convergence

of (2.10) from that of (2.9), note that

\cAq) + {m - l)c2iq)/ik + m - l)l^_ 0

is of bounded variation and has limit c .fo) 4 0.

We now prove that (ii) implies (i), which will complete the proof of the Con-

vergence Theorem.

Lemma 2.9.   Suppose À = 1.   // zfi   is a complex number and h  is a complex

sequence such that

(2.11)

converges,  then

(2.12)

Z hkPk{zo)
k=o

~    fk+mil)- l\,
£ Lh) ,   h»a

converges.

Proof.   If À = 1,  then  ttz(1) = ttz,   and

Pkizo]

+   722 —   l

777-1

(ttz- lHcJl) -z0c.il)/a.)
0     IaMc1(l) + -

+   772—1

+ 0
,777-3

from Lemma 2.3.   Let
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pfzf /o/a1 )     ^     im - l)ic2il)-zQc Ál)/a f

k + m - 1(*+7<1)-:1)a*
7721 1 )— 1 1

cAi) +_I_-J-L\ + o(^2>.

One sees, therefore, that  x  is a sequence of bounded variation with limit

c Al)e   °     ' / 0.    Therefore the convergence of (2.11) is equivalent to that of (2.12)

and the proof is complete.

Lemma 2.9 guarantees that (ii) implies (i) if the polynomial   P has only one

zero (of arbitrary multiplicity).   The proof in general amounts to reducing it to

this case.

It is easy to verify that  pfiz) = p,_   iz)  for every nonnegative integer  zz

(we adopt the convention that p,_  iz) = 0  if k < n).   The other property of Appell

polynomials which we need is contained in the following lemma.

Lemma 2.10.   Suppose that  \A   jrj   is a finite sequence of complex numbers,

and set  pfz) = ^S_0 A  p,_   iz). k = 0,  1, 2, ■ • •  .   Then  ipzj0    is the sequence of

Appell polynomials corresponding to the sequence   B,  = Sm" Is'   >A   b,_,   k = 0,

1, 2, • • •  ■   The function corresponding to cf> is given by  $>iz) = rA(z) Ss     A  z".

The proof of Lemma 2.10 is a straightforward calculation and is omitted.

We now prove that (ii) implies (i).   Suppose that zQ  is a complex number,   h

is a complex sequence, and each of the series   2.       h,pf izf, 0 < tz < zrzA, con-

verges.   Let  a  be fixed  (l < a < A), and set   P(z)/(l - a z)m(q) = ^=0^„z"-

Since the degree of   P  is at most  zrzA,  we have s < ttzA.   Let

n=0 «=G

Now

ZM *affW = Z *4Z VW = Z W*o>.
72 = 0 Ze=0 ze=0 7Z=0 Ze=0

so that the last series is convergent.    On the other hand,   \pf0   is an Appell se-

quence, and the function that corresponds to </5 for this sequence is

cpAz) pi\ é Az)

*U) = (piz)  z Anz" = -rv \ ,-, = ——-r-> •
„_„ pU)   (1-a z)m(q)     ii-a z)m<q)
72  =  0

Therefore

9

k + m(q) - 1

.    miq) - 1

converges by Lemma 2.9, and the proof is complete.

E v -i*) - »
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3.   The Mapping Theorem.   Let  B  denote the infinite matrix with entries

Bjk = pk  ^'   ° </'.&< °°'   The domain of  ß  is the collection of all sequences

h   such that each of

CO oo

£V*= ZVi'^'    7 = o,i,...,
k=j k=i

converges.    The range of B   is the set of all sequences  y   such that y. =

k=i Bjk^k' 7 = ^' L • • • , for some h in the domain of B. For our purposes, it

is unnecessary to make a distinction between B and the sequence to sequence

operator it defines.   Suppose that

no

(3.1) /(z)= Z   bkpk{z)
k = 0

holds uniformly on some neighborhood of  0,   and let y = \f     Í0)\°°■   If we differ-

entiate (3.1) ;  times and set z = 0,   we obtain

00 oo

(3.2) y;. = /<'•>((>)= Z;Vi;)(0)=Zß;zA-
k = j k = ;'

Therefore  h  belongs to the domain of   ß  and y  belongs to the range of B.   If

oo

(3-3) /(z)= £LA(/>fe(z)
7e=0

holds uniformly on a neighborhood of  0,   a similar argument yields

(3.4) y = BiAy),

where A  denotes the upper triangular matrix inverse of  B.   Note that  L.if) =

{Ay)k, k = 0, 1, • < - .
The preceding remarks apply not only to Appell polynomials, but to arbitrary

polynomial sequences 1/^!^° such that pk  is of degree k.    For reasonably well-

behaved polynomial sequences, one would expect that the necessary conditions

(3.2) and (3.4) for (3.1) and (3.3) to hold might also be sufficient, and, frequently,

this is the case [2]-   We shall prove that this is true for all of the Appell sequences

under consideration, and give an explicit determination of the range of  B.

Let   Y denote the space of all sequences  y   such that y = ifo7 (O)S^ for an

/ £ A.   Specifically,   Y  is the space of all sequences y   such that

lim   —  =0     and     lim-£   C,y     t, = 0-
n -.oo      n 72-.oo       n —'       fc   77+fe

fe=0
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We endow   Y  with the norm

llylly sup

0<77<oo

72+772-1

777   -   1
k = 0

With this norm, the identification of entire functions / with sequences  \f^''io)\'A

induces a linear isometry between the spaces  A  and   Y.    Under this identification,

the function  z  /k!  is identified with the "unit coordinate vector"   e^ = !<5^.S°^0

(8, •  denotes the Kronecker delta), and the polynomial  p,   corresponds to the se-

quence Be,.   The expansion / ~ 2,^°_   L, (/ )p¿  corresponds to y ^ ^%=0    y k^ek'

It is considerably easier to investigate the expansion in the sequence space

setting, and then use the isometry to translate results back into the analytic func-

tion setting.

Let H  denote the space of sequences  h  such that (i) of the Convergence The-

orem holds.   For h £ H  set

max      sup

l£q< \ Osn<oo
z

k-n

- m{q) -

Aq) - 1
h,ak

k    q

The spaces H and  Y  are needed to describe the behavior of the matrix B.    Re-

garded as a sequence to sequence operator,   B  is an isomorphism between H and  Y.

Mapping Theorem. The operator B has domain H, is a 1-1 linear map of H

onto Y, is bounded, and has a bounded inverse. Its inverse is the restriction of

A  to  Y.

The Uniqueness Theorem and Expansion Theorem are almost trivial corollaries

of the Mapping Theorem.   We shall derive them from the Mapping Theorem before

giving a proof for it.

Proof of the Uniqueness Theorem.   Let S{z) = ¿AA    h.pAz) converge for all

z,   and set y = ¡S ' (0)L .   The convergence is necessarily uniform on compact

sets; therefore y = Bh,   so that y £ Y  and S £ A.   The sequence  h  belongs to

H,   and the Mapping Theorem guarantees that Ay = AiBh) = h.    Therefore   L, fo) =

iAy)k = h,, k = 0,  1, • • •   and the proof is complete.

Proof of the Expansion   Theorem.   We have already noted that convergence

with respect to   ||    ||   is stronger than uniform convergence on compact sets; there-

fore we need only show that

lim
77—CO

/-Z'V/zP,
ze = 0

0

for every / £ J.   In view of our isometry, this is equivalent to
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lim
72—OO

y- £ (AyVic,
fe=o

for every y e Y.

Suppose y £ Y,   and let h = Ay.    Then  h e H  and  B(Ay) = y  from the Mapping

Theorem.   Therefore

y - Z {Ay\Bek - B{Ay] ~ Z lAy)kBeh
k=o fe=o

B\Ay- Z^\%
ze = 0 I k=0

Since the operator  B  is bounded, we need only show that

(3-5)

Since

lim   \\h —  y h,

n^\\ k = 0

\h ~   Zi ^z>ez>        =    max       SUP

k-Q        \\h     i<9<z\ 72<y<oo

"    Ik +miq)- 1,

(3.5) is obvious, and the proof is complete.

The proof of the Mapping Theorem, while long and fairly difficult, splits nat-

urally into four parts. It is easy to verify that the Mapping Theorem is equivalent

to the following four theorems, taken together.

Theorem 3.1.   B  is a bounded linear map of H  into  Y,  and H  is the domain

of B.

Theorem 3.2.   AÍBh) = h for all h £ H.

Theorem 3.3.   B(Ay) = y  for all y  £ Y.

Theorem 3.4.   A   is a bounded linear map of Y  onto  H.

In passing, we note that in terms of the power series coefficients of </>(z) =

'ï.fb.z1,  the matrix B  is given by

V by b2, ••

0, v by ••
0,       0,     bn,     ■ ■
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The same representation holds for A  in terms of the power series coefficients

for tf(z) = l°°a.z'.   Ther
0      7

other; more generally, if

for diz) = Z^°a.z!.   The matrices  A  and  B   are formal matrix inverses of each

7=0 )   (,=0 , 7=0

is a formal power series identity, then

a0,    Z2j,

0,        72n,

1'

227.,        227

0, 0,        2270,

We shall need to consider a number of matrices of this form; for convenience we

list them here.   Let giz) = zfA u .z1  and

u0, uv u2,

0, u0, uy

0,        0,      220,

The following table lists the special matrices we use:

giz) G giz) G

diz)

eßiz)

P   (z)
777

l/Piz)

A

B

A'

B'

Pm-^

P    Az)
m — z

(1 - az)"'

A"

B"

A'"

V'

Note that the conditions that y £ Y can be written as

lim -   = 0    and      li

Lemma •'$. I.   The domain of B   is   H.

fofo)   =0.

Proot.   Suppose  h £ H.   Then  Siz) = S?°_   /jkpAz) is uniformly convergent

\z\ < 1.   For each nonnegative integer /',   termwise differentiation  /'  times yields

S{i)iz) = S^fo hkp(¿\z).   In particular,
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^)=Evf(°)=ZW
k=j k=i

Therefore h  belongs to the domain of B-

Suppose now that h  belongs to the domain of B.    Then   2?° .h, pi'Ho) =

ze=j ^k-j^k   converges for every nonnegative  /.    In particular, this is true if  0 < /

< ttzA;  therefore h  £ H by the Convergence Theorem.

Lemma 3.2.   // /', s  and t are nonnegative integers, and t < s,   then the total

variation of

' Ik + A /k + j + s\-l

< )\ * ) l*-o
(3.6)

does not exceed 3ÍS) i'ff)~ l-

Proof.   Let x,   denote the zsth term of (3.6).   After some simplification, we

obtain

xk ~ xk-\ = xk-\^'i - k^s ~ ^VM4 + j + s)},       k > 1.

Therefore jxfe - x^_ . \f changes sign at most once, and  S?°_ fx, - x,_   \ < 2K,

where   K = supos k<oaxk.   Since xQ < K,   the result follows if we establish that

K <(*)£+£)-*.   Now

xk =
k + 1 k + t

'!   [ \k + j + 1) \k + ; + t)\ ik + / + t + 1).ik + j + s)

s! ) js-i)l_ j   _   /s\/k + j + s\-

t\is-t)\   ¡ik + / + / + 1) . • • ik + j + s)\   "  \t )\    s-t

s\/j + s - 1

fix3-1!

which completes the proof.

Lemma 3.3.   //  1 < a < A,   1 < / < miq), and j  is a nonnegative integer, th

. I j + miq) - 1\ /zzz-lV
''    , *     )\Kh),\<M     ,

miq) - t     I        9    ; \ / - 1

7-1

b - z *,
k = o

for all h e H.    In particular.

r-Wa *>,-! <
,277-, h - Z bkek

ze = 0

<22m\\h\
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Proof.   We have

«v>,-£(47-."Vi-'.
so that

'      k-j \    m{q)- 1

From Lemma 2.7 we obtain

^K^-i:r+m[q):\^/k~i+t~A/k+miq)~lYi
t~ i 7TZ(<?)-!

r'Wa  h\\ < V, SUP
y     A + 77z(?)-l.

ft«.   \   "*W - !
*    q

where   V. denotes the total variation of the sequence

- j + t-l\ik + m{q)-l^-

t-l       A    777(27)- 1 fe=,

Now

sup

77 >;

L r"**_-5*>-»i
& =72

2(9) - 1
&    q

<    max    sup

I<9SX   72&7 ^   »     772(2?) - 1     /   *"«fe=

7-1

* - Z h
k=o-

From Lemma 3.2 we see that  V. does not exceed

kek

' miq) - l\   f + m{q) - A"1 m{q) - lV If + 777(27)- 1

Í-1    }\miq)-t    J       ~     \t-l    j    \m{q)-t

<3
l\2 (j + miq)- 1

- 1

"2(27) - t

This proves the first half of Lemma 3.3.   The second half follows easily.

Lemma 3.4.   Let   *2A/d,z     be analytic in   \z\ < r,   and let

AC,  =
\dk_.,       0 < j < k < 00,

k < /'.

There is a positive constant   K such that, if h £ H and j  is a nonnegative integer,

then
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(/ + m - 1 \ 7-1

* - z *.
Ze=0

<K h\

Prool.   Choose a  so that miq) = m.    Then

'k + m - 1

Ze=; Ze=j

aAb.'<ct   fea\
9   k   I     9       Ze

/& + m - 1\

'{   m-l    I

As before, we have   |(zMi).| < V.||zb - S _n ¿¡e.Ilu' where, in this instance,   I/.

denotes the total variation of

(3.7) dL    .a''
k-i      9

lk  + TTZ   -  1\

\      777-1        /
Ze=,

If x and y  are sequences of bounded variation, the total variation of >xi,yi,>Q

does not exceed twice the product of the total variations of x  and y.    Therefore

the total variation of (3.7) does not exceed  4(7+m~, )_   V.,  where   V.   denotes theV/ 772—1 7' ;

total variation of \<X~ d, _.],_..   From the triangle inequality we obtain

OO oo

^'<2ZKV,-l = 2'yZKl'*-
k-j k = 0

If we take  K = 8 ^°_0MJr  >   tne result follows.

Lemma 3.5.   A "ÍBh) = (A "b)A /or a// ¿6/7.

Proof.   For each nonnegative integer tz  we have

00 n+r

Ze=72 fe=72

since A ", = 0  tot k > n + r (recall that t is the degree of   Pm    ,)•   Therefore
72« ° 772—1

72+7- OO OO t(Í,   n)

W^-I^ZVi-^i    Z   <Ay.
Ze=72 ;=zé 2=72 /è=72

where  '(/', tz) = minizî + r, j\.   Since A ", = 0 for k> n + r, we have

t(i, n) i

Z   A\B..= Z A"tB,. = iA"B)   .¿~i        nk    Ze;        ¿_-      72/«    ze; 72;

k-n k=n

Therefore  \A"ÍBh)\    =Í(A"b)ztÍ  ,   which completes the proof.
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Lemma 3.6.   There is a positive constant  K    such that, if j is a nonnegative

integer,

(1 + 772 - 1\
7-1

h-Zh
;=0

<*llHI„.

Proof.   Set eß,iz)=P       Az)cß{z) = ï°° nb "z/    Then^3 777-1 r 7=0     7

fofoßfo,.
k > /'.

The function  cß    has only simple poles on the circle   \z\ = r.   Therefore we can

write

r"fo)W.      £       SW-    +(ß4{z),
m{q)-n 1 - a   Z

where the  c   iq)  ate complex numbers and  cß     is analytic in   \z\ < r.    The corre-

sponding matrix equation is A   B = Z c"iq) Va   + M',  where

i<ß{/-k){0)/{j - k)\,      0 < / < * < »,

K, =
(0,       k > /•

The result now follows from Lemma 3.3 (with  Í = 1) and Lemma 3.4.

Proof ot Theorem 3.1.   The matrix equation corresponding to the decomposition

Jt(q)
9 = 1   («1

is given by

A   772(9)

♦w ■ E E „.„'r..M-- * *b*'

(3.8)

where

X      m(q)

B=  ¿    21    c,foV™(9) + I-/ + M.
9=1     2=1 9

:eß2'-k){0)/{f - k)\,        0<k<j<~,

Al
*;

f 0,        A > /.

If h £ H,   then  ¿>  belongs to the domain of every matrix in (3.8), and we have

\     m(q)

Bh=  Z    Z   e/ítt?'**1"'* +A1Ä.
9=1     í=l q
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It follows from Lemmas 3.3 and 3.4 that  lim ■_aJ   Aßh). = 0,   and from Lemma 3.6

that  lim._oûz-"y(7'+^11)i(A"B)è}y = 0.   Let y = Bh.   Then  lim .^y ff = 0,   and,

since  X,   . C,y,    . = (A "y). = i (A "ß )/b}.,  we have

.// + m - 1\ L.
lim   r->( )Z C.y,    . = 0.

7-.00        V   77Z-1    )£n   ***«

Therefore y € Y.    The proof that  B  is bounded follows similarly from Lemmas 3.3,

3.4, and 3.6, and this completes the proof of Theorem 3.1.

Lemma 3.7.   Let g.   and g-   be analytic in   \z\ < r and, for i = 1, 2,  set

(ii*~y)<0)/(* -j)\,       0 </<*<«,

10,      / > *.

If the sequence x satisfies  lim._00x./>J = 0,   t/jctz  G( ''(G( 2)x) = (G( 1;G( 2))x.

Proof.   For each n > 0 we have

oo oo oo

(3.9) ÍG(1)(G(2)x)¡   = y G(1)(G(2)x).= Z G(1)y G(,2)*,.
' 72 ¿-*       72; ; ^^      72;     Z-¿       ¡k      k

] -n 7=72 Ze=;

Now

'  g(,*_y)'0) U-,1

Z I<#^1 - ' Z --■ ~**-'<^.

where   K = { sup0stsoo |*J/r*! SJ^ |g(2fe) (0)|rV*!-     Therefore

oo OO oo oo

zio zi^j<kzk;-v=^z
g(rn)(0)l

ÍT  -  Tí)!
;=72

(/ - n)\

This allows us to interchange the order of summation in (3.9) and obtain

oo k

ÍG(,)(G(2)*¡   =   Tx.   Z G(1)G(2) = KC(1)G(2))%!  ;
72 i~'        k    ¿—i 727 ¡k 72'

Zé=72 ;'=72

this completes the proof.

Proof of Theorem 3.2.   Suppose h e H.    Then  A Aßh) = ÍA 'ß)h  by an argu-

ment identical to the proof of Lemma 3.5.   In Lemma 3.7, take  Gl     = AB  ,

G{2) = A ',  and x = Bh.   We obtain ÍAB ')\A Aßh)\ = \ÍAB ')A ') ÍBh) = AÍBh).   In

Lemma 3.7, take  G(I) = AB ", G(2) = A 'b, and X = h.   We obtain  ÍAB '){ÍA 'ß)h\ ■■

{ÍAB ')ÍA 'ß)\h = h,   and the proof is complete.



266 J. D. BUCKHOLTZ

Lemma 3.8.   Let  R„  denote the space of all sequences y such that

Vlmj~ocy/rl = °;   bllR0 = suPo<y<J>',V'"7,    rhe restriction of A   to  RQ  is a

1-1  bounded linear map of R0   z'tzîo  R  .

Proof.   That A   is a bounded linear map of  R     into  RQ  follows easily from

the fact that A   is upper triangular, together with

Z \Aik
rk = z ak-i lr \ak\r

k = 0

For all y  £ RQ,  we have  Ay = A 'ÜB 'A)y) by Lemma 3.7.   The previous argument

implies that both  A     and  B  A  ate bounded linear maps of R0  into  R„.   Again

from Lemma 3-7, we have  {AB ')\ÍB 'A)y\ = y,  y £ RQ.   Therefore   B 'A  restricted

to  R„  is   1-1.   To complete the proof, we need only show that the same is true

of A '.

If  P is of degree 1, then   Pfo) = 1 - a ,z   and A ' is the matrix

\-

0,

0,

1    '0The solutions of Aa  y = 0 are the constant multiples of the sequence i a

Therefore  Aa    is a  1-1   map of  R„  into  R„.   The set of linear   1-1   maps of  RQ

into  R.  is closed under composition.    The extension of Lemma 3-7 to an arbitrary

number of factors is immediate, and since  A     has the matrix factorization  A    =

Uq-l (Aa )m(<?)-   the Proof is complete.

The point of Lemma 3-8 is that y  £ R„   and Ay £ H imply that  ßfoy) = y.

To see this, set  x = BiAy).   Then  x £ RQ  by Theorem 3.1, and from Theorem 3.2

we obtain  Ax = AißiAy)) = Ay;  therefore x = y.    We note for future use that A

restricted to  R0  is   1-1;  the proof is the same as that for A   .

Lemma 3.9.   // 72  and s are integers, n > 0,  s > 2,  then

~     (k + s\l S     /TZ + S-iy1

z (s ) -—A s-i ) •
k=n

Proof.   This follows easily from the binomial coefficient identity
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Lemma 3.10.   Suppose that m > 2 and that  \a\ = r.   If the sequence x sat-

isfies   Iim.—^r-7/7"-fo. = 0,   then

(3.10) lim  r-'/m-2(V„x).  =0.
;' —00 a    J

Proof.   For each  /,   (V x). = Y* .ak~jx,.    Therefore

-7|(Vx)
/zé + 7T2-l\     ,        /k + m - I

j{C::;Vw}£(i::r')
Using Lemma 3.9, we obtain

fj + m — 2
^;|(v^)7| <

W-l f/¿  +   77Z-1\     _ |

7TZ   -  2    fea.y    (\       TT2   -   1      / "  )7T2   -   2

which implies (3.10).

Lemma 3.11.   Suppose that m > 2.   // the sequence y  is such that y e RQ

and lim.^r-i jm-AA"y). = 0,  then  lim^r-' jm~ 2iAmy). = 0.

Prool.   Let x = A y  and  G = A   B   .   The matrix  G  corresponds to the an-

alytic function

*(*)

P      7(z)
777— 2

777-1

n   (i-v^1-
(Z) 77z(ij)>772— 1

which has only simple poles on   \z\ = r.   Since m > 2,  the hypothesis on  A  y

insures that x  belongs to the domain of  G;  set w = Gx = GÍA  y).   Then

A"w = A"{Gx) = {A"G)x = A"x = Á"iA"y) = {A'"A")y = A"{Ä"y).

It follows from the argument used to prove Lemma 3.3 that the range of G  is con-

tained in  R„; therefore w £ R_,  A  y £ RQ,  and the remark following Lemma 3.8

insures that A     is   1-1  on   RQ.   Therefore  Gx = A   y,   and it only remains to show

that

(3.11) lim  r-'jm~2{Gx). =0.

The partial fraction decomposition of g  corresponds to a matrix identity which

expresses  G  as a linear combination of the matrices   Va ;  miq) > ttz - 1.   We

then obtain (3.11) from Lemma 3-10.

It is crucial for the proof of Theorem 3.3 to know that the corresponding
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result is true in a slightly different space. For m > 1, denote Y by YÍP) (the

space is completely determined by the polynomial P), and let YÍP _,) be the

space obtained by replacing P by P _,; this is equivalent to replacing <f> by

1/P       ,.   It is trivial to show that y  belongs to   YÍP       ,) if and only if777—1 / O 272-1 Z

lim.^^r-7 y . = 0  and  Vtm._Mr~* jm~    ÍA'"y). = 0.   The purpose of Lemmas 3.9,

3.10, and 3.11 was to establish that every point of  Y = YÍP) belongs to  YÍP      A,

if ttz > 2.   For m = 2,   the result is obvious.

Lemma 3.12.   // x  is in the domain of B     and lim  _^»

Bi(AB")x| = B"x.

-nnm~Xx    = 0,   then

Prool.   Let s  be a nonnegative integer and set  G = AB   .   For n > s, we have

n zz      Í   oo \ oo mini«, ; !

Z &*)kBsk =  Z       Z  Gkjx\Bsk =ZX,      Z       GkjBsk

If we split the last series at / = n,   we obtain

Zx,ZGkJBsk+  Z x,Zck,Bsk.
j -s      k^s j =n + 1        k=s

But  1{     G..B   , = ÍBG)   . = B"..   Therefore
k=S       k]      sk SJ SJ

Z «*\Bsk - Z **>,• = Z x,Z GkjBsk-
k=s ;=s ;=72 + l        zze=z>

By hypothesis,  (ß "x)   = ^.°°=   B".x.  converges.   We shall prove that  iß(Gx)!

zf    ÍGx),B   ,   converges to  (B  x)    by showing that

lim
72-»OO

Z x, ZGk,Bsk = °-
;'=72+l k-S

Let giz) = diz)/P   _ ,(z) = S^°_0 u,z.   Note that g  is analytic in   |z| < r

and that g  corresponds to the matrix G = AB ".   Since  B   ,  = çv   ~S'Í0)/Ík - s)!,

k > s,   and the only singularities of c/j  on   |z| = r  are poles of order  ttz  or less,

there is a constant  K  such that   \Bsf < Krs"kik + 1 - s)m~ l   for 0 < s < k < oo.

For s < k < n  we have   |ß   ,| < Kin + l)*-1»-*-*.   Therefore

z *, Z v
7=72+1 k=S

k     sh < Z K-IZ lvJK(* + 1)n•l.s-fê

; =72 +1 k=s

<KrS    Z

;' =72 + i

r-'\xfr~l Z bi-nV-*isn** Z   Z K->'-*'
k=s j =n +1   k=s
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where S    = sup.      r~}jm"   \x.\.   Now
n rj >n i i   j i

oo n oc n oo

z z \-,-ky-k< z z i-y.j''-* = z *\«y-
7=77 + 1     fe=S 7=77 + 1    Ze = —OO f=   1

Since S     -» 0  as  72 —» oo,  the proof is complete.

Proof of Theorem 3.3.   Suppose y £Y  and that  777 = 1.   In this case  B" is

ths identity matrix, and we obtain  BiAy) = y   from Lemma 3.12 by taking  x = y.

We now have a basis for an argument by mathematical induction on  ttz.    Sup-

pose that Theorem 3.3 is true for the space   YÍP       ,),  i.e., that

(3.12) B"{A"y)=y

holds for all  y  € YÍP       ,)■7 777—1

Let y  be a point of  Y = YÍP).   From the discussion following Lemma 3.11

it follows that y  e YÍP   _,);  therefore (3-12) holds.    Let x = A "y.   Then  y =

B   (A   y) = B "x,   so that  x belongs to the domain of  ß ".   Since y  £ Y,   we have

0 = lim  r'nnm-HA"y)=  limr'"nm-lx
77-.00

and we may apply Lemma 3.12.   This yields  S|(AB ")x\ = B "x = y.   On the other

hand,   ÍAB")x = {AB ")ÍA " y) = ¡ÍAB'AA " \y = Ay  by Lemma 3.7.   Therefore

ß(Ay) = y  and the proof is complete.

Proof of Theorem 3.4.   Theorems 3.1 and 3.2 imply that H is a subset of the

image of   Y under A.    Theorems 3.1 and 3.3 imply that the image of  Y  under A

is a subset of H.    Therefore A  is a linear map of  Y  onto  H.    To show that A   is

bounded, we use the principle of uniform boundedness.   For each nonnegative in-

teger s,   let

A^ = {
k'       (0

A,.    if 0 < k < s,
ki -     -

if  k>s.

Lemma 3.13.   A(s'  is a bounded linear map of  Y  into H.

Lemma 3.14.   // y e Y,   then  Hms_x \\Ay - A{s)y\\H = 0.

Lemma 3.15.    Y  is complete.

The proofs of Lemmas 3.13, 3.14, and 3.15 are straightforward and involve

nothing difficult; we omit them.   These lemmas insure that the hypotheses of the

uniform boundedness principle are satisfied; therefore  A   is bounded and the proof

is complete.

4.   Proof of the Structure Theorem.   The space A  is clearly isomorphic to   Y.

The proof that   Y is isomorphic to c.   requires a double application of the Mapping
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Theorem and a slight modification of the norm on   H.    For notational simplicity,

we write "Max" to indicate a maximum taken over those integers  q  such that

1 < a < A  and  777(a) > ttz - 1.

Lemma 4.1.   For h eH , let

Nih; H) = Max     sup
0<72<oo

Z[ - + miq)~l)

miq) - 1 k    q

Then  NÍ ; Ii)  is a norm on  H which is equivalent to  || ■ ||„.

Proot.   It is obvious from the definition of NÍ ; H)  that  NÍ ; il)  is a norm

and that

(4.1) \\b\\H>Nih;H)

for all  h  £ H.    If ttz = 1   or tzt = 2,   equality holds in (4.1).   Suppose that ttz > 3

and that the points  ¡a  L   are ordered so that ?tz(1) = m.   If  miq) < m - 2,   we have

¿'here

,  k + miq) - l\

z      '. Ka =z
k =n Aq) - 1

xk = iaq/a l*(

k =72

k + miq) — 1

miq) - 1

+  777  — 1

TTZ  —   1

+  Z7Z   -   1

,m — 1

bkaîxk>

-1

Therefore

lk + 777(a) -   1\
bLak

k    9
< Vix) sup      Z

,Zn
I k -n

+  TTZ -   1

777—1
^aÎ < V(x)N(/>; W),

where   V(x)  denotes the total variation of  \x

Now
fe'O

x,l <
(k + m — }¡\ /k + m - 1\"

777-3     A     » - 1      /

(TTZ -   1)(tZ7 - 2) (777  -   1)(tTZ   -  2)

(k + 777  -   l)U   +   777  -  2)      _     (^  +   2\k  +   1)

since  ttz > 3.   Therefore   V(x) < 2.   . 2 |x, | < 2(zrz - 1)(ztz - 2).   Consequently,

2(9)<77z-2   0<72<oo |¿=n
iUp iry**^"Âq) - 1 k    9

< 2(ttz - 1)(ttz - 2)NÍh; H).

Therefore   ||<izl|,, < 2(ztz - l)im - 2)NÍh;H ).  and the proof is complete.   We note for

future use that convergence of
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(4.2) z r+,(fl"V
«-i 777(27) -1 /fe ?

for those integers  27   such that  m{q) > 772 — 1   is equivalent to the convergence of

4.2 for  1 < 27 < A-

Lemma 4.2.   The space   Y  remains unchanged if epiz) is replaced by

(4.3) epiz) {  n   (i-v~)_1}-
\m(q )—777 — 1

Proof.   The space. Y  is completely determined by the polynomial

(4.4) P_     ,(z) =    TT (1 -  a.   z)™m\m(q),m-l\
777- 1

9=1

Replacing epiz) by (4.3) has the effect of increasing by 1 the multiplicity of every

zero of  P{z) whose multiplicity is  772 - 1.   In view of (4.4), this has no effect

whatever on   P       ,(z),  and the proof is complete.777—1 r r

It is crucial to our proof of the Structure Theorem that the space   Y  cannot

distinguish between the zeros of   Pfo) of multiplicity  722   and those of multiplicity

Z77 - 1.   Let  H ' denote the space of all sequences  h  such that  ^T_A    mJ\   ^k

converges if  722(27) > 722 - 1.   For h  £ H ',   set

Max    sup

0s72<OO

z
k-n

k + 777 — 1

777 — 1

h,ak
k     q

The remark following Lemma 4.1 insures that h £ H     implies the convergence of

V*      {k+m(q)-l)h       k   f n h    h i) <m_.li
k=0       m(q)— 1 k    9 ' '

If epiz) is replaced by (4.3), the space  Y  remains unchanged, and  H  is re-

placed by a corresponding space  H   .   The sequences which belong to  H„   are the

same as the sequences which belong to  H    (the space  H „   differs from  H  only in

that  772(27) has been increased by 1 for those values of q  for which  777(27) = m — li-

li we replace the norm on  H „   by the equivalent norm  Ni ; H A, the space obtained

is precisely  H   .   Therefore  H     is isomorphic to  H„,   and from the Mapping The-

orem we have that  H„  is isomorphic to   Y.

Lemma 4.3.    Let  H    denote the space of all sequences  h  such that

S?°_Qh,a    converges if miq) > 722 - 1.   For b eU",   set

\fj" - ^ax    sup
0<n <oo

z *, aR
k   9

Then  H     is isomorphic to H   .
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Proof.   Let  T be defined by  ÍTh)k = (^"l^V   b e H', k = 0, 1, 2, ■ ■ ■ ,

and note that  T is a linear isometry between  H     and H   .

Lemma 4.4.   H     is isomorphic to c-.

Proof.   If (piz) is replaced by  ÍIT   ,  ,       _ fl - a z)\~   ,  it is easy to verify

that  H is replaced by  H ,   m  is replaced by 1 and  Y is replaced by the space

Y " of all sequences  y   suchthat  lim^^r-" yn = 0;   ||y || y » = 2 supQ&n<oc r" *|yj,.

The Mapping Theorem guarantees that H     is isomorphic to   Y   ,   and the isomor-

phism between   Y     and  c.   is obvious.   Therefore   y  is isomorphic to  cQ  and

the proof of the Structure Theorem is complete.
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