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APPELL POLYNOMIAL EXPANSIONS AND
BIORTHOGONAL EXPANSIONS IN BANACH SPACES

BY

J. D. BUCKHOLTZ

ABSTRACT. Let {pk}‘(’f denote the sequence of Appell polynomials
generated by an analytic function ¢ with the property that the power
series for & = 1/¢ has a larger radius of convergence than the power series
for ¢. The expansion and uniqueness properties of {pk} are determined com-
pletely. In particular, it is shown that the only convergent {pk} expansions
are basic series, and that there are no nontrivial representations of 0. An
underlying Banach space structure of these expansions is also studied.

1. Introduction. Let a={a ]} and b= {bi}: be sequences of complex num-

bers which satisfy the formal power series identity

i

k
p4
b &) =2 b=, k=012,
. 7!
i=0

The polynomials

are the Appell polynomials corresponding to the sequence b. They are biorthog-

onal to the sequence of linear functionals
L) = Z a,_fV0), k=0,1,2, ..,

1e.,L(p)— 1fk;é]andL(pk)-1

Evety analytic function [ for whxch the functionals L (/) are defined has
the formal Appell expansion f(z) ~ k 0 k(f) pk(Z) Such expansions have been
studied as part of a larger theory [1]; there is also an extensive literature dealing
with specific polynomial sequences e.g., the Bernoulli polynomials. In the case
where each of ¢(z) = 2°° b 2" and 6(z) = /-0 a’z’ has a positive radius of con-
vergence, Boas and Buck [1] have shown that the theory of entire functions of

exponential type can be used to obtain deep results about such expansions.
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246 J.D. BUCKHOLTZ

In the present paper, I employ infinite matrices of the form

o’ II 2’
O’ bo’ bl’
0, 0, b,

to study these polynomial expansions. For a large class of such expansions, I am
able to obtain complete results, and to present a portion of the theory in (presum-
ably) its final form.

Let ¢ have radius of convergence r (0 < r < =) and no singularities other
than poles on the circle |z| =7, and suppose that € is analytic in the closed disk
|z| < 7. Throughout the remainder of the paper, we suppose that the polynomial
sequence {pkig" satisfies these conditions (no further hypotheses will be required).

We write ¢(z) = ¢1(z)/P(z), where ¢, is analytic and zero free in the closed

disk |z| <7, and P is a polynomial with all of its zeros on the circle lz| =7 Set

A
P(z)= ] (- aqz)’”(q),
g=1
where m(g) denotes the multiplicity of the zero a;‘ of P, and let m=
axy .o Am(q). Essentially all of the expansion properties of the sequence {p k}‘: can be
obtamed from the polynomial P; we set

P (2) = H(l_a Fyminte m@b g 0 (2) = —— P(z) 1=0,1, -, m
P (2)
q=1
(In case m = 1, we adopt the convention that O _, = P.) By a uniqueness set

we mean a subset E of the plane such that, if a solution [ of the differential
equation Qm_Z(D)/’ = 0 vanishes at every point of E, then [=0. Every infinite

bounded set is a uniqueness set, as are ‘‘most’’ finite sets.

Convergence Theorem. If b is a complex sequence, then the following are

equivalent:
(i) each of the series

< [k +m(g) -1 E
z ( m(q) - 1 bpog 1S4

k=0
converges;

(ii) for some fixed complex number z,, each of the series

Z bkpk")(z 0 <n<mh,

converges,;
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(ii1) the series

(1.1) S(z)= 3 byp,(2)
k=0

converges for all z in some uniqueness set;
(iv) the series (1.1) converges for all z, the convergence being uniform on

every compact set.

The proof of the Convergence Theorem does not require our hypothesis on the
function 6. This extends a result of Read [4] which states that uniform conver-
gence of (1.1) on an open set implies uniform convergence on every compact set.

In order to characterize those functions § which are the sum of a series of
the form (1.1), more terminology is required. Write P, as P _ 1(z) =

0 Ckzk, and let F denote the space of entire functions / such that

(n) m—1 T
imn 79 0 and tim 2 ¥ C,/7*R0) - .
For | €F, set
n+m—l) 7
/(71)(0) -1
I = sup L Tmot e pmsboo|
Ogn<oo " " £=0
where (""’i’i 1) denotes the binomial coefficient (n + m — 1)/n!(m - 1)I. The

space F contains all entire functions of exponential type less than 7, some func-
tions of exponential type 7, and no function of exponential type greater than .
Since |/ | < |/l 7 n=0,1,2, -, we have

r@ < oL et
o0 n!

(74 .
for every f € 5 and every complex number z. Therefore convergence with respect

to the norm || * || implies uniform convergence on compact sets.

Uniqueness Theorem. If b is such that S(z) = 2:;0 bkpk(Z) converges for
all z, then S €% and b, = L,(S), k=0,1,2,--- .

As a consequence of our results on convergence and uniqueness, the only
series of the form (1.1) which need be considered as far as convergence is con-

cemed are series of the form 2,:(’:0 Lk(/)pk(Z) for functions f in the space 5.

For such series, we settle the convergence question affirmatively.
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Expansion Theorem. If [ € ¥, then [(z) = 22 oL (1) p,(2) for all z, the

convergence being uniform on every compact set. Furthermore,

n
li - -
ni)fgo / ELk(f)Pk =0
o E=0
for every [ €.
The topology generated by the norm || * | is a great deal stronger than uni-

form convergence on compact sets. In some cases, ¥ contains functions whose
power series are not convergent with respect to this norm. There is no possibility,
therefore, of deducing the Expansion Theorem by the usual technique of power
series rearrangement.

The last question we study is that of the structure of the space F. Two
normed linear spaces F and G are said to be isomorphic if there is a 1-1 linear
map 7 of F onto G such that both 7 and 7~ ! are bounded. In the special case
that ¢ has only simple poles on |z| = 7, we have m=1, Pm_l(z)sl, and J is the
/(*X0)/7* = 0. In this case the norm is given by

space of all { such that lim _

I7=2 sup

O<n<oo

An obvious isomorphism exists between this space and the Banach space ¢, of
all complex sequences with limit 0, normed with the supremum norm. The general

case is far less obvious, but the result is the same.

Structure Theorem. The space  is isomorphic to o

It follows from the Structure Theorem that J is a Banach space, and from the
Expansion and Uniqueness Theorems that the polynomials ipk};" form a basis for
this space. These theorems also imply that convergence in norm of 2:;0 by b,
is equivalent to conditions (i)—(iv) of the Convergence Theorem. The fact that
{pk§;° is a basis for the Banach space ¥ is the most fundamental expansion
property of the polynomials {pk So

It is worth noting that there are no nontrivial representations of 0 of the form

(1.2) 2 hby(2).
k=0
If
(1.3) 2 by le) =0
k=0

for all z in a bounded infinite set, then the Convergence Theorem implies that
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(1.2) converges for all z to an entire function § that vanishes on a bounded infi-
nite set. Therefore § = 0. From the Uniqueness Theorem, we can conclude that
h,=0, k=0,1,2 ---. This result had been obtained previously by Read [4]
under the additional assumptions that (1.3) holds uniformly on an open set and
that 0 is an entire function of finite exponential type.

The results obtained here for Appell polynomials can be extended to more gen-
eral polynomials. The extension to Brenke polynomials [1, p. 51 is almost trivial,
and most of the results can, with slight modification, be extended to the generalized
Appell expansions considered by W. T. Martin [3]. The Convergence Theorem is
essentially due to Martin, who obtained a slightly weaker but considerably more

general version (3].

2. Proof of the Convergence Theorem. We first obtain an asymptotic esti-
mate for pk(z)-

Lemma 2.1. If ¢(z) = 1/(1 - az)5+*1, then

(_ 1) E+s—t k-t (z/a)
() - ak ) y oy /)
btz az = (L Jera =

Also, the estimate

(=)
L B S L) SR
(k+s)ak z/a alk + s)

holds uniformly on compact sets.

Proof. Since 1/(1 - az)*+! = 3% (k;‘s)akzk, we have
k . ,
k-j+s .
k—
ne-x(F71)e =
7=0 :
We use the binomial coefficient identity (k';+s) = 2f=0 (- 1)’(’;) (k;s_rl) to obtain

s Ees—t\ k k- 2/ ok <k+s )k (z/ay
pk(z)=§)(_1)'< o )Z ’( )- Z(”' ; Ezz(j—z)!'

j:O ,'

Replacing j by j+ ¢ in the second sum produces the desired result. The asymp-
totic estimate follows easily from this.
For 1< g <A, let

m(q) c (q)

)m(q)+l-t

ll(l—az
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denote the sum of the negative powers in the Laurent expansion of ¢ at a; L
Note that cl(q) #0, 1 < g <A, and that the function ¢, defined by

A miqg) C(q)

#)= 3 3 L = + ¢,(2)

a1 121 a1- aqz)m(q)+1

is analytic in the closed disk |z| <r. The contribution to pk(Z) of ¢>2 is given
by

E ¢(k 1)(0)
2 G- =
j=0 -7 ]

we require an upper bound on the modulus of this quantity.
Lemma 2.2. There exist constants K > 0 and r, > 1 such that
E grD0) 1l=]

=0 k-t gt

Ke

k
™

bolds for all z and every nonnegative integer k.

Proof. Choose r, > r such that ¢, is analytic in the closed disk |z] <r,.

Therefore

$$0)
lim

rl = 0.
j— oo ]' 1

set K = max0$j<°°|¢(2j) (O)|r7i/j!. Then |¢(2k‘j)(0)|/ (B — )< K/r';"j, and the
result follows from the triangle inequality.
It is now an easy matter to verify the estimate contained in the following

lemma, whose proof we omit.

Lemma 2.3. The asymptotic estimates

E+m—1 z (m - De,(q)
pk(z)=<+ ) > e/qakg (q).,.__.lq__g

m-1 J ng)=m k+m-1

_(k+m-—2> 5 zeZ/aqakCl(q)
m 2 (2)=m

k+m=~2 z/a m—3
+< ) Y Fakc (o
m-—2 m(q)=m—1 7'

k+m-1 zZ/q km—Z
= q k
( m-1 ) Z ¢ aqcl(q)+0( r* >

m(q)=m

bold uniformly on every compact set.
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It is convenient to arrange the proof of the Convergence Theorem in the form

(1) = (iv) = (i) = (i)
l
(111) = (1).
The implications (iv) = (ii) and (iv) = (iii) are obvious. We now show that (i) =
(iv). For each &, let gk(z) denote the quantity which appears in Lemma 2.3 under
the name O(k™~3/r*). Since zw (k;’"l'"" Db a: converges for some value of g,
we have lxmk_oc(k"'m'l)b OL O Therefore

2

bk =o(r*/Em=1)  and bkgk(z) = ok~ ), kE— o

uniformly on compact sets. Consequently, SZ:Obkgk(z) is uniformly convergent

on compact sets, and it only remains to prove that the same is true of
oo

(2.1) 2 hlp(2) - g (2

<k+m—-2>_ m—1 (k+m-—l)
m— 2 Ckht+m-1 m-1 )

it is not hard to show that the convergence of 2?=0(k;’”_'_'1 1)bka§ implies the con-

Since

vergence of

o [k+m=-2
(2.2) Z(Hr )bka’;;

k=0 m=— 2

we shall give a proof for this later. Taking this for granted temporarily, (i) ob-

viously implies the uniform convergence on compact sets of the series

z/a S [k -1
el x (U1 )hisk (g =

-0 m-1

a

Mz

k+ m=-2
c (q)e q + m >b az (m(q) = m\,

m— 2

k=0

c(q) z/a. (k+m—2
a m-=2

a’; (m(q) = m), and

c (q\e K Z b a’; (m(g) = m - 1)
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Since (2.1) is a finite sum of such series, it, too, is uniformly convergent on com-
pact sets; this proves that (i) implies (iv).
Before proving that (iii) implies (i), we need a result on linearly independent

sets of functions.

Lemma 2.4. Suppose {/q}ll is a linearly independent set of functions with
common domain Q. If E is a subset of Q0 such that the functions {/q}tl restricted
to E are linearly independent, then there are points {z}.}’l in E such that the

determinant detif (z.)}, 1<gq, j <t does not vanish.
2% 47 <

The proof is easy and is omitted.

Lemma 2.5. If S(z) = 0 kpk(Z) converges at every point of some unique-
ness set E, then b, = o(rk/k’"'l) k — oo,

Proof. Let the zeros of P be ordered so that m(g) = m if and only if 1<
g <t (t <A). The functions c l(q)eZ/aq, 1< g <t, are linearly independent so-
lutions of the differential equation Qm—z(D)/ = 0 (recall that cl(q) # 0). There-
fore their restrictions to E are linearly independent, and we can find points
{z. }tI in E such that 5 = detfc (q)ezl/aq} £ 0.

Since each of 2k=0 kpk(z]) 1< j<t converges, their terms tend to 0,

and we have

t
(2.3) Lim {5, Z.llpk(z,-ﬂ = 0.
]=
Set
k+m-— ) %k (2)
pk(z)=(m_ )Zc(qe aq+ukz;

then
(2.4) uk(z) = ol k™= Y k)

by Lemma 2.3. Let
k
v (Z) = {Pk(z) — U, (Z)}

(+m l)

m-1

Since 8, # 0, the system of equations

! z./a & X
vk(z].) =Y c,ge’ q(aqr) , 1<7<
g=1
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can be “‘solved’’ for the quantities (aqr)" in terms of vk(z].), 1<j<t Inpartic-
ular, there exist constants M]. (1 <j<t) such that

t
(2.5) (a 1r)k = Z"l M]. vk(z].).
j=

Set M = max \Mjl, 1<j<t If in (2.5) we take absolute values and apply the tri-
angle inequality, we obtain 1 <M 2’;=1 lvk(z].)|~ From the definition of v, and
(2.4), we see that

f (k+m—ll)
> ka(z].)| > _
j=1 Mr

holds for all & sufficiently large. Therefore

m—1

k
J

(2.6) lim sup k

ko0 r

t -1
|pk(z].)| i < oo,
=1
The desired result now follows from (2.3) and (2.6).

The following lemma is equivalent to the fact that (iii) implies (1).

Lemma 2.6. If

(2.7) S(2) = 3 byl
k=0

converges for all z in some uniqueness set E, then each of the series

il k+m(q)—l>
(2.8) ( bk 1<g<A
k§0 mlgq) -1 ka =19

converges.

Proof. In view of Lemma 2.5, (2.8) clearly converges if m(g) <m - 1. Also,
from Lemmas 2.3 and 2.5, (2.7) is convergent if and only if EZZOhk{pk(Z) - gk(zﬂ
is convergent, where g, is defined as before.

Let {/t(z)}‘; denote the solutions of the differential equation Qm_z(D)/ =0

z/ q, z/ a4

which are of the forms e*’ "4 and ze . From the decomposition of Py in

Lemma 2.3, we have

s

T (2) = ) hk{pk(z) - g () = > /t(z)Ul(n),
k=0 t=1
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I (k+m-1 (m — De,(q)
o=z (*" )it ;cl(q)+ T 2l i
k=0

m~1 k+m—1

z/a
if [(z)=e “and miq) = m,

7 fk+m=2 /a
Un) =~ Z h,ak if/(z):zez 9 and m(q) = m, and
k7 q t 9

T o fk+m-—2 z/a

Uln) =c,(9 3 ( 2 >bka§ if /t(z) =e Zand mlq)=m-1.
k=0

Choose points {zj}‘; in E such that the determinant §_ = det{/t(z].)i does

not vanish. We can then solve the system of equations

s
Tﬂ(z}) =X /t(z].)Ul(n), 1<j<s,
t=1
and express each Ut(n) as a linear combination of the quantities Tn(z].), 1<
j < s. Since each of the latter possesses a limit as n — oo, the same is true of
the quantities Ut(n), 1 <t <s. Therefore,

& (k+m= (m - De (g
(2.9) ) ( v 1>bka§;cl(q)+m___c_2_q_2

k+m-1

converges if m(g) = m, and 22 (B+7-2)p ak converges if mlg) = m - 1. We
8 k=0" m-2 'Pr%q 8

shall show later that the convergence of (2.9) is equivalent to the convergence of

< fk+m-1

@10 Z:( m-1 )bkal‘;’
k=0

and this will complete the proof of Lemma 2.6.

A complex sequence x is said to be of bounded variation (absolutely con-
vergent) if the quantity V(x) = |x,| + 27°_ |x, - x, _,| is finite; V(x) is called
the total variation of x. Sequences of bounded variation are necessarily conver-
gent; their properties. we shall use most often are contained in the following two

lemmas.

Lemma 2.7. Suppose that x and y are complex sequences such that x is of

bounded variation and 2?; y, converges. Then 2;0 x,y, converges,

o0 o0 o0 o0
> X Ye = %o > y;+ > (xp—x, ) > Yo
k=0 j=0 k=1 j=k

and
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o

)3 *pVk

k=0

< V(x)  sup

O<k<>

Zyj‘

j=k

Lemma 2.7 is a well known extension of Abel’s identity; its proof is easy

and is omitted.

Lemma 2.8. Suppose that x is of bounded variation and limx, # 0. If y is

a complex sequence, then 2:’:0 y, converges if and only if 2::0 x,y, converges.

Proof. Lemma 2.7 guarantees that convergence of the first series implies the
convergence of the second. Choose K so that x, # 0 for k> K. The sequence
{l/xk}ZZK is of bounded variation; therefore convergence of EZ:K x,y, implies
the convergence of EZ:Kyk, and the proof is complete.

The convergence of (2.2), which we assumed previously, follows from the fact
that {(m —1)/(k + m - 1)}:;0 is of bounded variation. To deduce the convergence
of (2.10) from that of (2.9), note that

te () + (m - De,(g)/(k+m~ DIY _,
is of bounded variation and has limit ¢ I(q) £ 0.

We now prove that (ii) implies (i), which will complete the proof of the Con-

vergence Theorem.

Lemma 2.9. Suppose A= 1. If z is a complex number and b is a complex

sequence such that

(2.11) 2 bpp(zo)
k:o

converges, then

o0 \_
2.12) 5 <le+m(1, 1>hk&,i

aoo \ M1 =1

converges.

Proof. If A= 1, then m(1) =m, and

E+m—1\ z./a (m - l\(cz(l) - zocl(l,\/a 1)
0771 &k
pk(z°)=< m-—1 )e a13C‘(1)+ E+m-1

m-3
+ O(k ); k— oo,
Tk

from Lemma 2.3. Let
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(%) /a (m - Dl (1) = zye,(1/a )
Xy = k—O_ = ezo 1 Cl(l) + ” 2 ot ! + Ok~
(k+m(D=1y 4k E+m-—1 '
m(1)=1 1

One sees, therefore, that x is a sequence of bounded variation with limit
cl(l)ezo/ “ # 0. Therefore the convergence of (2.11) is equivalent to that of (2.12)
and the proof is complete.

Lemma 2.9 guarantees that (ii) implies (i) if the polynomial P has only one
zero (of arbitrary multiplicity). The proof in general amounts to reducing it to
this case.

It is easy to verify that pz")(z) = Pk—n(z) for every nonnegative integer n
(we adopt the convention that pk_n(z) =0 if K <n). The other property of Appell

polynomials which we need is contained in the following lemma.

Lemma 2.10. Suppose that {An}g is a [inite sequence of complex numbers,
and set pk(z) = ZZ=0Anpk_n(z), k=0,1,2, -+ . Then ip,}; is the sequence of
Appell polynomials corresponding to the sequence B, = z:zni:O{S'k}A_nbk—n' k=0,
1, 2, -+« . The function corresponding to ¢ is given by ®(z) = ¢(2) 2;0 A z".

The proof of Lemma 2.10 is a straightforward calculation and is omitted.

We now prove that (ii) implies (i). Suppose that z is a complex number, b
is a complex sequence, and each of the series 22‘;0 bkpi")(zo), 0 <n <mk, con-
verges. Let g be fixed (1 <g <A), and set P(z)/(1- aqz)'"(q) = 22:0 A z".

Since the degree of P is at most mA, we have s <mA. Let

Pl = 3 A p, (2= Anp,(en)(z), k=0,1,---.

n=0 n=0

Now
S o (o5} S o0
(
A2 bkpl(en)(zo) =2 b X Anpk")(zo" = 2 ez
n=0 k=0 k=0 n=0 k=0

so that the last series is convergent. On the other hand, {pkizo is an Appell se-

quence, and the function that corresponds to ¢ for this sequence is

¢,(2) P(2) ¢,(2)

P2) (1-a 27"@  ([_q_pm@
]

Dz) = plz) Y A 2" =
n=0
Therefore

[>2)

k+mig) -1 i
b
k§0 ( mlgq) - 1 > % q

converges by Lemma 2.9, and the proof is complete.
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3. The Mapping Theorem. Let B denote the infinite matrix with entries
B].k = p;e’)(O), 0 <j, k< . The domain of B is the collection of all sequences
b such that each of

2 By Zb pJN0), j=0,1,---,
k=i

converges. The range of B is the set of all sequences y such that yi=
[o) . . . .
k= Bjkble’ j=0,1,.++, for some b in the domain of B. For our purposes, it
is unnecessary to make a distinction between B and the sequence to sequence

operator it defines. Suppose that

(3.1) [(2) = 2 hyp,(2)
k=0

holds uniformly on some neighborhood of 0, and let y = {f(i)(O)}So- If we differ-

entiate (3.1) ; times and set z = 0, we obtain

(3.2) y; = /(i)(o) _ Z bkpg)(o) - Z Bikbk'

k=7 k=j

Therefore b belongs to the domain of B and y belongs to the range of B. If

(3.3) (@) = X L,(py2)

k=0
holds uniformly on a neighborhood of 0, a similar argument yields
(3-4) y = B(Ay),

where A denotes the upper triangular matrix inverse of B. Note that Lk(/) =
(Ay)k, k=0,1,

The preceding remarks apply not only to Appell polynomials, but to arbitrary
polynomial sequences {Pk};o such that p, is of degree k. For reasonably well-
behaved polynomial sequences, one would expect that the necessary conditions
(3.2) and (3.4) for (3.1) and (3.3) to hold might also be sufficient, and, frequently,
this is the case [2]. We shall prove that this is true for all of the Appell sequences
under consideration, and give an explicit determination of the range of B.

Let Y denote the space of all sequences y such that y = {/(’)(O)}w for an
f . Specifically, Y is the space of all sequences y such that

m—1 7

Z leyn+k

. n .
lim — =0 and hm
7200 n 7200

r =
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We endow Y with the norm

Iylly = su gr-w : < e l)

0<n<oo m—1

7
Z Ckyn+k
k:o

g

With this norm, the identification of entire functions [ with sequences {f”’(O)?:

. . - (7 .. .pe .
induces a linear isometry between the spaces J and Y. Under this identification,
o0

the function z*/k! is identified with the ‘“‘unit coordinate vector’’ e, = {Bk].}j=0
(Bkj denotes the Kronecker delta), and the polynomial p, corresponds to the se-
quence Be,. The expansion [ ~ 2,::0 Lk(/)pk corresponds to y ~ Efzo(Ay)kBek.

It is considerably easier to investigate the expansion in the sequence space
setting, and then use the isometry to translate results back into the analytic func-
tion setting.

Let H denote the space of sequences b such that (i) of the Convergence The-

orem holds. For b € H set
* [k +mlg) -1
Z 1 bkak
k=n m(q) -1 g

The spaces H and Y are needed to describe the behavior of the matrix B. Re-

ol = max  sup
I<sg< X Ogn<oo

garded as a sequence to sequence operator, B is an isomorphism between H and Y.

Mapping Theorem. The operator B has domain H, is a 1-1 linear map of H
onto Y, is bounded, and has a bounded inverse. lIts inverse is the restriction of
A to Y.

The Uniqueness Theorem and Expansion Theorem are almost trivial corollaries
of the Mapping Theorem. We shall derive them from the Mapping Theorem before

giving a proof for it.

Proof of the Uniquencss Theorem. Let S(z) = 2 by, () converge for all
z, and set y = {5(7)(0)18". The convergence is necessarily uniform on compact
sets; therefore y = Bbh, so that y €Y and § e¥. The sequence b belongs to
H, and the Mapping Theorem guarantees that Ay = A(Bb) = h. Therefore Lk(S) =
(Ay)k =h,, k=0,1,... and the proof is complete.

Proof of the Expansion Theorem. We have already noted that convergence
with respect to || * || is stronger than uniform convergence on compact sets; there-

fore we need only show that

li

m
700

=0

/= 2L,
k=0

(7% . . . . .
for every [ € 5. In view of our isometry, this is equivalent to
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n
y - (Ay)kBek" =0
k=0 Y

lim
n—-00

for every y €Y.
Suppose y €Y, and let h = Ay. Then h € H and B(Ay) = y from the Mapping
Theorem. Therefore

y - Z (Ay)kBek = B(Ay) - Z (Ay)kBek
k=0 k=0

=33Ay— Z (Ay)kekz =B b—gbkekf.

k=0

Since the operator B is bounded, we need only show that

n
(3.5) lim |{b — Z hee i = 0.
neee k=0 H

Since

- * [(k+m(g)-1

k
b”Zbkek“ = max sup Z( ) -1 bkaq’
k=0 H 1<gs<\ n<j<oo lk=j m\q

(3.5) is obvious, and the proof is complete.
The proof of the Mapping Theorem, while long and fairly difficult, splits nat-
urally into four parts. It is easy to verify that the Mapping Theorem is equivalent

to the following four theorems, taken together.

Theorem 3.1. B is.a bounded linear map of H into Y, and H is the domain
of B.

Theorem 3.2. A(Bb) = b for all b €H.
Theorem 3.3. B(Ay)=1y forall y €Y.
Theorem 3.4. A is a bounded linear map of Y onto H.

In passing, we note that in terms of the power series coefficients of p(2) =

Ezebjzj, the matrix B is given by




260 J. D. BUCKHOLTZ

The same representation holds for A in terms of the power series coefficients
for 0(z) = E?ajz’. The matrices A and B are formal matrix inverses of each

other; more generally, if
Z u 212 ;z u}.z’} = Z w].zj
j 0 j=0

is a formal power series identity, then

Ug Upy Ugy voee Vor U Uy, wy, W, Wy,
0, ug ups oo | 0, Uo’. vy, _ 0, wy, wy,
0, 0, ug, - 0, 0, Vgy vt 0, 0, wo,

....................................................

We shall need to consider a number of matrices of this form; for convenience we

list them here. Let g(z) = zgoujzj and

uo, ul, uz,

0, uy u r

The following table lists the special matrices we use:

g(z) G g(2) G
6(z) A P _ () A"
@(z) B 1/P, (=) B"
P _(2) Al P _, (z) A"
1/p_(z) | B’ (1-oaz)7? v

Note that the conditions that y € Y can be written as

n—-00 n 7n—00

y m—1
lim~2 -0 and lim 2 Aa"y) =
r " 4

Lemma 3.1. The domain of B is H.

Proof. Suppose b € H. Then S(z) = 2:’___0 bkpk(Z) is uniformly convergent on

|z| < 1. For each nonnegative integer j, termwise differentiation j times yields
$sU(z) = Zf_j p{(z). In particular,
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(o) = (G)0) =
SUA0) = 30 b p00) = 30 by by
k:j k=j
Therefore b belongs to the domain of B.
Suppose now that b belongs to the domain of B. Then 2:;,. hkpg)(O) =
EZ":’. bk—jbk converges for every nonnegative j. In particular, this is true if 0<j
< mA; therefore b € H by the Convergence Theorem.

Lemma 3.2, If j, s and t are nonnegative integers, and t <s, then the total

variation of

6 G0,
(3.6)
t s > E=0

does not exceed S(f)(;"f -1

Proof. Let x, denote the kth term of (3.6). After some simplification, we

obtain
xk-xk_l=xk_1{(tj—k(s—-t))/k(k+j+s)§, k> 1.

Therefore {xk - % _ liT changes sign at most once, and 2::1 lxk - %, _ ll < 2K,
where K.= SUP) < peoo¥pe Since x <K, the result follows if we establish that
K<) *)"! Now

. s_' k+1 R+t 1

Eoa \e+j+1 k+j+tfVk+j+t+D o (b+j+5)
L (s — o) s\ (kT s\
s (krjre+D) - Grjr| \eJ\ s-t

0

which completes the proof.

1l

Lemma 3.3. If 1< g <A, 1<t<mlg), and j is a nonnegative integer, then

. j+m(q)—1> . m - 1\2
: 1< I Y §3<t_l>

forall b € H. In particular,

i—1
h- bkekn
k=0 H

j—-1

b~ Z hkek

k",:o

<2271b |-
H

P, )| <227
q ]
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Proof. We have
X fh-j+t-1 .
t _ k—j
(Vaqb)j k{. ( 1 )bkaq R

so that

. ® k+m(q)-—l> b j+t-1 k+m(q)——1—li
It p). = k .
- E (I et (1 o)

From Lemma 2.7 we obtain

9

A b)j| <V sup
a

nzj

* (k+ m(g) -
5 ( + m(q) 1>bka§

k=n m(q) -1

where V]. denotes the total variation of the sequence

g(k—j+t—l><k+m(q)—l>'l§°°
t-1 m(q) - 1 ].’

k=
Now
C (k+mlg) -1 ® (k+m(g)-1
sup z 7 )hkaé < max sup |) < 7 bka]:;
n2j |k=n m(g) - 1 1gs\ n2j |p=p m(q) - 1

.

H

j—1
b~ Z bkek
k=0"

From Lemma 3.2 we see that V]. does not exceed
(m(q) - l) <]’ + m(q) - t>‘1 m(q) - 1)2 <;‘ +m(q) - 1)‘1
3 <3
t—=1 )\ mlg)-¢ t-1 mq) -t
<3<m-—1>2 <j+m(q)—l>"l.
“T\t-1/) \ m(q) -t

This proves the first half of Lemma 3.3. The second half follows easily.

Lemma 3.4. Let E:dkzk be analytic in |z| <r, and let

dk-i’ 0<j<k< oo,
Mjk=
0, k<7j.

There is a positive constant K such that, if b € H and j is a nonnegative integer,
then
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-f<7+’”1 )|(Mb)|<K

m —

j—1

b~ Zb l' <K|plg-
H

Proof. Choose g so that m(g) = m. Then

> X fkim-1 k+m—1\""
B kyp . —k

(M”)fzkz'dk—ibk=k2( )aqbkgaq dk—f( ) i
=] =]

m-1 m-—1

As before, we have |(Mb)].| S:Vi"h - S‘i;(l)bkek"H’ where, in this instance, V].
denotes the total variation of

J —k kE+m—1\"1
(3-7) k—i%a ( m-—1 )

If x and y are sequences of bounded variation, the total variation of {xkyk}:)o

o0

k=5

does not exceed twice the product of the total variations of x and y. Therefore
the total variation of (3.7) does not exceed 40 +'”'1)' 1V , where V denotes the

total variation of {aq kdk ]§:’ .. From the tnangle mequahty we obtam

<] [~
! —k ] k
V. < 23; la ®d,_;|= 2#5 d, |r*.
=] =

If we take K =8 Ef;oldklrk, the result follows.

Lemma 3.5. A"(Bb) = (A"B forall b €H.

Proof. For each nonnegative integer n we have

00 n+7
{A"BY = 3 AT, (8b), = 3 A (Bb),,
k:n k:n

since A", =0 for k> n + 7 (recall that 7 is the degree of P__ ). Therefore
nk m-~1

n4r t(j, »)
A" Brl, = 3 A,;;Z Bb;= Z b Z A kB,
k=n j ]

where t(j, #) = min{n + 7, j}. Since A:k =0 for k>n +7, we have

t(j, n)

Z AIIB ZA”B -—(A”B)njo

Therefore {A ”(Bb)}n ={(4 "B)b}n, which completes the proof.
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Lemma 3.6. There is a positive constant K| such that, if j is a nonnegative

integer,
- j+m-—1 M i1
(T BB <Kl - by <Kol
k=0 H
Proof. Set <f>3(z) =P, _ 2)p(z) = Z;.Z()b]."zj. Then
b,'_k’ 0<k<j< o,

(A”B)k, = i
> .

Ty

The function ¢, has only simple poles on the circle |z| = r. Therefore we can

write

6,0- T I g0,

m(q)=m 1- a'qz

where the ¢ "(g) are complex numbers and ¢, is analytic in |z| <r. The corre-
sponding matrix equation is A "B = Em(q)=m c"g) Vaq +M", where

dU7R0)/ G- B, 0<j<k<w,

"
My, =
0, k>j.

?

The result now follows from Lemma 3.3 (with ¢ = 1) and Lemma 3.4.

Proof of Theorem 3.1. The matrix equation corresponding to the decomposition

A m(q) Cz(q)
P X 2 e R0

= t= q

is given by
Az m(q)

(3.8) B = z cr(q)vz(q)ﬂ-t + M,

g=1 t=1 q
where

TR0V - k), 0<k<j<w,
Mk.' =
]
0, k>i

If b € H, then b belongs to the domain of every matrix in (3.8), and we have

m(q)
c (@ a+I=th o mp,
1 q

A
Bh = Z
q=1

=
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It follows from Lemmas 3.3 and 3.4 that lim] oo 7(Bb) =0, and from Lemma 3.6
that lim _ ,r 70 ID{(A"B)bY, = 0. Let y = Bb. Then lim ~eo¥;/T =0, and,
since Ek_o ki = (A y) = {(A ”B)b} ., we have

im (1Y S Cy, .. =0
h Bk 4j :

] m~1 k=0
Therefore y € Y. The proof that B is bounded follows similarly from Lemmas 3.3,
3.4, and 3.6, and this completes the proof of Theorem 3.1.

Lemma 3.7. Let g, and g, be analytic in |z| <7 and, for i =1, 2, set

o gV (k- )1, 0<j<k<w,
1
(G,

0, j>k

If the sequence x satisfies hm]__oox]/r =0, then G(D(G'Dx) = (G'VG D)y,

Proof. For each n > 0 we have

(1)((2) (1)((2) (1 (2)
3.9) (66, = 36, (6). = zc >§_jc
1=n

Now
g =8 Y%y
Z |G(2) kl =7 D P S | < Kr',

where K = {sup0$k<_°°|xkl/rk} 2°° o Ig(k)(0)|r’°/k!. Therefore

0o ) oo !g(l]—n)(oﬂ ‘
E |GV Z IG( k'SKZ|G(l~)|”=K’nZ“—_”_n<°°~
i nJ i i o (G- n)

This allows us to interchange the order of summation in (3.9) and obtain

=n

this completes the proof.

Proof of Theorem 3.2. Suppose » € H. Then A '(Bb) = (A ‘B)b by an argu-
ment identical to the proof of Lemma 3.5. In Lemma 3.7, take GV = AB’,
GP=A', and x = Bh. We obtain (AB ){A'(Bh)} = {(AB")A '} (Bb) = A(Bh). In
Lemma 3.7, take G'1) = AB', G'2 = A'B, and x = h. We obtain (AB (4 'B)b} =
{(AB)(A 'BWb = b, and the proof is complete.
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Lemma 3.8. Let R, denote the space of all sequences y such that
lim]._,ooy,./ﬂ =-0; ||y||R0 = sup05j<_°°|yjl/rj. The restriction of A to R, is a
1-1 bounded linear map of R into R.

Proof. That A is a bounded linear map of R, into R, follows easily from

the fact that A is upper triangular, together with
o o0 o0
k j k
LD SR LR AL
k=j k=j k=0

For all y €R, we have Ay = A ‘((B‘A)y) by Lemma 3.7. The previous argument
implies that both A’ and B ‘A are bounded linear maps of R, into R;. Again
from Lemma 3.7, we have (AB ' (B'Aly}=y, y € R,. Therefore B 'A restricted
to Ry is 1-1. To complete the proof, we need only show that the same is true
of A'.

If P isof degree I, then P(z)=1-a,z and A " is the matrix

17 "‘al’ 07 ’
Oa 1, - Qa,, )
A, = 1
1 0 0 1, —-a

The solutions of Aaly = 0 are the constant multiples of the sequence ia;jig"».
Therefore Aal is a 1-1 map of R into R;. The set of linear I-1 maps of R
into R, is closed under composition. The extension of Lemma 3.7 to an arbitrary
number of factors is immediate, and since A ' has the matrix factorization A g
m_,
The point of Lemma 3.8 is that y € R, and Ay € H imply that B(Ay) = y.
To see this, set x = B(Ay). Then x € R, by Theorem 3.1, and from Theorem 3.2

we obtain Ax = A(B(Ay)) = Ay; therefore x = y. We note for future use that A !

(Aaq)m(q), the proof is complete.

. . . 4
restricted to R, is 1-1; the proof is the same as that for A

Lemma 3.9. If n and s are integers, n >0, s > 2, then

< s\ s <n+s—1>'l
Z (S ) =s._1 s -1 )
k=2

Proof. This follows easily from the binomial coefficient identity

CoV (-G
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Lemma 3.10. Suppose that m > 2 and that |a| = r. If the sequence x sat-

isfies lim,_ r_ij’"'lx].= 0, then

e

1 im r=7jm=2 =
(3.10) }Lr& rljm T V), = 0.
Proof. For each j, (Vax)j = Z,‘::i ak _ixk. Therefore

X fe+m-1 & k+m—1\"!
Z afx,
m—1 m—1

k=j

r_j|(Vax)]. | =

k+m-—1 > [k _1\"!
(L) etz (00
k2j m -1 ke m-1
Using Lemma 3.9, we obtain
j+m=~2 . _ k+m-—1
( )r-f|<vax>.|s 7L sup {( )r"‘lxkl},
m -2 P m=-2 gy m—1

which implies (3.10).

Lemma 3.11. Suppose that m > 2. If the sequence y is such that y € R,
and um].wr—f ™A "), =0, then liqumr_jj"f'z(A"'y)j - 0.

m

Proof. Let x=A"y and G=A

alytic function

n .
B". The matrix G corresponds to the an-

P _(2)
g(z) = _’”:E_z_ = H a1a- aqz)"l,

m-—l(z) m(q)>m—1

which has only simple poles on |z| = 7. Since m > 2, the hypothesis on A "y

insures that x belongs to the domain of G; set w = Gx = G(A"y). Then

A'w = A"(Gx) = (A"G)x = A"x = A"(A"y) = (A"'A")y = A"(A"y).
It follows from the argument used to prove Lemma 3.3 that the range of G is con-
tained in Ro; therefore w € R, A "y € Ro, and the remark following Lemma 3.8
insures that A" is 1-1 on R,. Therefore Gx =A"y, and it only remains to show
that

(3.11) lim 7~7j™=%(Gx), = 0.

]—.DO

The partial fraction decomposition of g corresponds to a matrix identity which

expresses G as a linear combination of the matrices Vaq, mlq) >m 1. We
then obtain (3.11) from Lemma 3.10.
It is crucial for the proof of Theorem 3.3 to know that the corresponding
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result is true in a slightly different space. For m > 1, denote Y by Y(P) (the
space is completely determined by the polynomial P), and let Y(Pm—l) be the
space obtained by replacing P by P_ _; this is equivalent to replacing ¢ by
l/Pm-1° It is trivial to show that y belongs to Y(Pm__ 1) if and only if

lim]_.oor_’y =0 and lim,_ 7 rTTimm2(A"y ) = 0. The purpose of Lemmas 3.9,

3.10, and 3.11 was to estabhsh that every pomt of Y = Y(P) belongs to Y(P__ ),

m=1
if m > 2. For m = 2, the result is obvious.

Lemma 3.12. If x is in the domain of B" and lim _ 7 "n™" lxn =0, then
B{(AB “)x} =

. . n
Proof. Let s be a nonnegative integer and set G = AB". For n > s, we have

n n 00 ) min{n, j}
> (Gx)By = X gz GkixisBsk =X X OB
k=s k=s (j=k j=s k=s
If we split the last series at j = n, we obtain
n 7 oo n
2% X 0yBt X %2 G By
j=s k=s j=n4l k=s
But 2 s Gk;lee = (BG)S]. = B:j. Therefore

n [ n
E (Gx)Boy - 2 Bs;", = X %2 G;By
k=s j: 1=n+l k=s

By hypothesis, (B "x)s = 2,‘ B’ ]x] converges. We shall prove that {B(Gx)is =

2;::5 (Gx)kBsk converges to (B x)s by showing that

oo n
lim 37 x, 3 Gy B, =0.
j=n+1 k=s

Let g(z) = 0G)/P__ ()=27 | u,z*. Note that g is analytic in |z <7
and that g corresponds to the matrix G = AB". Since By, = dk=5)0)/(k - s,
k> s, and the only singularities of ¢ on |z| = r are poles of order m or less,
there is a constant K such that |B_,| < Krs~®k+1-sY""! for 0<s<k< oo
For s <k<n wehave |B_,| <K+ 1"~ 1,5k Therefore

0o n 00 n
Z z ] k sk| = Z |x]| Z lu]_le(n +1)m_lrs—k
i=n+1 k=s ~=71+1 k=s

0 o0 (e <
<K 3 Z lu,_ QPR <S KeS 3 3 fu I,

j=n+1 j=n+l k=s
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where § = sup. Pl me 1|x’.l- Now

i>n
oo n 00 n . 00

> > lui_klr’_k < Z > |u]._k|r’_k = tlul]rl.
j=n+l k=s j=n+l k=—o00 t=1

Since §_ -— 0 as n — oo, the proof is complete.
Proof of Theorem 3.3, Suppose y €Y and that m = 1. In this case B"is
ths identity matrix, and we obtain B(Ay) =y from Lemma 3.12 by taking x = y.
We now have a basis for an argument by mathematical induction on m. Sup-

pose that Theorem 3.3 is true for the space Y(Pm_l), i.e., that
(3.12) B'(Ay) =y

holds for all y € Y(Pm_ 1)-

Let y be a point of Y = Y(P). From the discussion following Lemma 3.11
it follows that y € Y(Pm_ 1); therefore (3.12) holds. Let x = A"y. Then y =
B"(A"y) = B"x, so that x belongs to the domain of B". Since y €Y, we have

0= lim r‘"n”‘_l(A"y)n = lim r_”nm_lxn,
77 400 n-—>
and we may apply Lemma 3.12. This yields B{(AB")x} = B"x = y. On the other
hand, (AB")x = (AB"XA"y) = {(AB")A "}y = Ay by Lemma 3.7. Therefore
B(Ay) =y and the proof is complete.

Proof of Theorem 3.4. Theorems 3.1 and 3.2 imply that H is a subset of the
image of Y under A. Theorems 3.1 and 3.3 imply that the image of Y under A
is a subset of H. Therefore A is a linear map of Y onto H. To show that A is
bounded, we use the principle of uniform boundedness. For each nonnegative in-

teger s, let

A if 0<k<s,
A(s)__ ki -

ki
0 if &> s.

Lemma 3.13. A‘S) is a bounded linear map of Y into H.

Lemma 3.14. If y €Y, then lim___[lAy - A®)y], = 0.

S§—00
Lemma 3.15. Y is complete.

The proofs of Lemmas 3.13, 3.14, and 3.15 are straightforward and involve
nothing difficult; we omit them. These lemmas insure that the hypotheses of the
uniform boundedness principle are satisfied; therefore A is bounded and the proof

is complete.

4. Proof of the Structure Theorem. The space J is clearly isomorphic to Y.
The proof that Y is isomorphic to ¢ requires a double application of the Mapping
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Theorem and a slight modification of the norm on H. For notational simplicity,
we write ‘‘Max’’ to indicate a maximum taken over those integers g such that
1<g <X and mlg) >m-1.

Lemma 4.1. For h € H, let

N(b; H) = Max sup

Osn<oo

i <k+m(q)—l>hka,; .

k=n m(q\ -1

Then N(; H) is a norm on H which is equivalent to || HH

Proof. It is obvious from the definition of N(; H) that N(; H) is a norm
and that

(4.1) “hHH N(b H)

forall h €H. 1f m =1 or m = 2, equality holds in (4.1). Suppose that m > 3
and that the points {aqﬁ\ are ordered so that m(1) = m. If m(g) <m - 2, we have

< k -1 * [k -1
Z * m(q) bk ak = o bka’ka,
m(g) -1 a m—1

k=n k=n
where
k+m(q)—1><k+m—1>"1
=(a /a )k< )
*k ( q/ 1 m(g) - 1 ,m—1
Therefore
© b - [ /k+m-—
)3 ( = mig) )b akl < v sup | T ( >b ak| < V(ONG; H),
k:n m(q) - 1 ]Zn k:n = 1

where V(x) denotes the total variation of i"k*o

Now

m-—1

| < kE+m=—3 <k+m—l)—l_ (m - D(m = 2) <(m—l)(m-2)
Tk ( m-3 ) Ck+m-Dk+m-2) = G+ 2k+D’

since m > 3. Therefore V(x) < X a 2|xk| <.2(m - D(m - 2). Consequently,
k ) -1
s
m(q) — 1

Therefore HbHH < 2(m — Dm - 2)N(h;H ), and the proof is complete. We note for

< 2(m — D(m = 2)N(h; H).

uMX

1
J
|
max sup
m(q)sm—2 0sn<mo l

future use that convergence of
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. (k+ mlg) - 1>
(4.2) k
z (oirs

for those integers g such that m(g) > m — 1 is equivalent to the convergence of
4.2 for 1 <g <A

Lemma 4.2. The space Y remains unchanged if $(z) is replaced by

(4.3) P(=) { H (1- aqz)" 1} .

m(q)=m—1

Proof. The space. Y is completely determined by the polynomial

(4.4) P (2)= ﬁ a- aqz)mm{mw),m—l{

g=1
Replacing ¢(z) by (4.3) has the effect of increasing by 1 the multiplicity of every
zero of P(z) whose multiplicity is m — 1. In view of (4.4), this has no effect
whateveron P _ 1.(2), and the proof is complete.

It is crucial to our proof of the Structure Theorem that the space Y cannot
distinguish between the zeros of P(z) of multiplicity m and those of multiplicity
m— 1. Let H' denote the space of all sequences b such that Ezo:O(k;;"i’l l)bka’;
converges if m(g) >m ~ 1. For b €H ' set

X fkem-1
HbHH: =Max sup Z < ) ) ka’;
O<n<oo |p_p m—=

The remark following Lemma 4.1 insures that b € H' implies the convergence of
g (k+m(q)—l
k=0" m(gq)-1

If qS(z) is replaced by (4.3), the space Y remains unchanged, and H is re-

)bka]; for all g such that m(g) <m - 1.

placed by a corresponding space H,. The sequences which belong to H are the
same as the sequences which belong to H' (the space H, differs from H only in
that m(g) has been increased by 1 for those values of g for which m(g) = m - 1).
If we replace the norm on H; by the equivalent norm NC; Ho), the space obtained
is precisely H'. Therefore H' is isomorphic to H,, and from the Mapping The-

orem we have that H, is isomorphic to Y.

Lemma 4.3. Let H" denote the space of all sequences b such that

2:;0 hkai converges if m(g)>m ~ 1. For b € H" set

6| yu = Max  sup

O<n<no

[e )
2 bka: .
k=n

Then H' is isomorphic to H".
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Proof. Let T be defined by (Th), = **™- Vb, b eH' k=0,1,2, ...,

and note that T is a linear isometry between H' and H".

Lemma 4.4. H" is isomorphic to c.
Proof. If ¢(z) is replaced by me(q)Zm_
that H is replaced by H", m is replaced by 1 and Y is replaced by the space

Y" of all sequences y such that lim "y, =0; "y"Y n=2 supOS’er"”lanu

1(1 - aqz)}‘l, it is easy to verify

—00
The Mapping Theorem guarantees that H" is isomorphic to Y ", and the isomor-
phism between Y" and ¢, is obvious. Therefore Y "is isomorphic to ¢ and

the proof of the Structure Theorem is complete.
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